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If F is a vector field existing over an
open surface S and around its bound-
ary closed curve c, then

J curl F,dS =§ F,.dr
S il c
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Direction of unit normal vectors to a surface S
w—————-—'—"

When we were dealing with the divergence theorem, the normal vectors
were drawn in a direction outward from the enclosed region.

With an open surface, as we now have, there is, in fact, no inward or
outward direction. With any general surface, a normal vector can be
drawn in either of two opposite directions. To avoid confusion, a

convention must therefore be agreed upon and the established rule is as
follows.

c

~ A unit normal f is drawn perpendicular to the surface S at any point in

the direction indicated by applying a right-handed screw sense to the
direction of integration round the boundary c.
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2. Cylindrical coordinates (r, 0, z) are useful where an axis of symmetry

x=rcos r=./x+)?
y=rsm¥, 60=arctan (y/x)

z2=2 z=12z

Any point P is considered as having a
position on a cylinder. If L is the
projection of P on the xy-plane, then
(r, 0) are the usual polar coordinates of
L. The cylindrical coordinates of P
then merely require the addition of the
z-coordinate.
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y (_!!_E_ e_—rs@,@)

r is the distance of P from the origin
and is always taken as positive.

L is the projection of P on the x y-_glane;
0 is the angle between OP and the positive OZ axis;
¢ is the angle between OL and the OX axis.



no gaps

H6
p185
top
] inate systems
‘ e in the three coordina
Element of volume in spac
Z
7 !! = ' times,
Z'I;.ﬁ | We have already used this many tin
! Z |
I;I I-: Or = 0X0y0z
X 0 ! | F | Y
T
by
X






no gaps

H6
p185
z . bot
3. Spherical coordinates
ﬁ«
* Z_ 5r

Y ov = drrdfrsin 8¢
r?sin06rd6é¢

G
<
Il




[

W o

no gaps

H6
p186
top
UN\T BASIS VEGORS
A 2
2 L= X Z | :l" A
"~ ”~ P %
" A ~
o
Ehzz
~ M~ ){_




;
-

éﬁ?m

q

o
1“,)

1l
s> YO> Ty >

1L

1]

no gaps

H6

p186
mid

Uit

P (radiok)

&




Sph%hA

(o
-

e e P
i
e TO> 1>

in

no gaps

H6
p186
bot

(w dk;em si' u;r.mn.;{t) r]&}).ﬁ )



no gaps

H6
p187

top

SUMMARY — DIFFERENTIAL OPERATORS IN OTHER

ORTHOGONAL CURVILINEAR COORDINATE SYSTEMS

Below we list the vector diflerential operators in cylindrical and spherical coordinates.
For reference, the corresponding expressions in Cartesian coordinates are also given.
[ and A are arbitrary diflerentiable scalar and vector fields respectively.

e Cartesian coordinates (z,y, 2)
e.’T = i 3 j e;: s k

IH



- S €. = k| nogaps
Vector components: labelledas 1, 2, & 3 mid
0 f 0A; 0Ay O0A;
ra e livA = | |
(rad /)1 oxl r ' By | Bz
0 dA;  O0A.
(gradufle = 05 ((‘:l}l'lA)l = az; E);
df 0A; 0A;
rad f)g = — HEL Ay = |
(grad J); 0z sl Al 0z Oz
0A, 0A,
urlA); =
(LUI )3 03: ({}U
V3 f azf | az{ | M
o




no gaps

H6
pl87
bot
;I.“
= A
s Btﬁmﬁmﬂe‘g
a5l i
,A.g'-‘-"' 4 lwdl\
A
Ca Ei, =)
A A 1T t = e gind 2 ey
e, = cosfi + sinfj, eg = —sinfi1 + cosfj, E. =l

A = A,e + Apey + A, e,



A = A.e. + Agpeyg + A.e,[ g
(eead bl = g—f pttsps
(grad f)o = 1% divA = ;%(7/1) ia(';;() | 00142’3
Gadd o %;{_ ki %85(1; (9;0
04, O0A,
(curlA)y = 5, 7
(curlA), = :—587?(7“‘4) "3?(9;3%2)7‘
vif = 22 (o) SOl 2




e spherical polar coordinates (e 0, (p o g

H

Y

S

I coS ¢ sinf
r sin ¢ sin ¢

r cost

pl838 |
Gen f : mid
- 9 & ﬂ
=0 o
= g Pon,r
E¢==E m%kL*E; Y E 5
| ~
= )
"\\ :
P

A = Are + Agey + Ay ey

where these

pasis vectors can also

be expressec

In terms of I, ] and k



no gaps

A. 147' er '_l_ AO e() "|_ 4’4(!, e(f) H6
ol pl88
(grad /), = —- bot
! 0[
(grad f)e = Ml 1 g
o (919 Yy (cusklale, — 7'sin6’(';9(sm 0A;) — - 8(/)0
(el = — T L
"RIRED) (cugldbs. = o = A
1 0A,
(CUI'] A)(p = ;EF(IA ) 7‘(89
el — A) + — sinAyg) + —
Sk 72 Or (’ ) rsin 6 00 ainfde) rsinf 0o
, 1 ol  S—-" of 1SS
N — L — - e :
/ 2 Or ( or ) r?sin 6 00 (sm 00 ) - r2sin“6 O¢?




no gaps

H6
p189

top

e POwRA™ ﬁ”«‘WS KRR/ 1" S plwmk lams sudda as
tho duwemence theotom and Siokies teorm do ot CJ'(G(GQ_
w dhfierents corlmal J‘dﬁ@ms .

000 .bujt ONQ_ muj"(.‘ qubﬂM?. dF-Q, daﬂcro{j\\d.i-ﬁ, eﬁ‘m&m

'F,r Mﬁd such ao  dS ond 4V UJQ\cj the Tadles
WOM‘;{\J’ N &“'W'-DS C 0o

Finally, if we assemble the
components together, we get ...



no gaps

H6

S— pl189

CYLNDR\ AL (LOORDINATES mid
T T

1%

ViI'= V=r— +0-— +37—
im0 tl-=p + 3

| 1
Vor Asddie s o= (6dy) + -2 +

[lsdd. 24, «led. 4d. unkdss cA
VxA=curl A= (— 69- — F )+B ——*—)+Z—(—‘("As)"
r 2 .

w2y 18( cV . 152V+§2V
- e e, r___ e
r.Ghs% Cr r* ce? L




no gaps

H6
pl189
bot

Viés gtadV 9 + ¢ x .
= r — o —
cr r co rsin 0 ceo

V-A=divA=—— (24 Ay sin 0 E
b = Er(r r)-*—r-sm Hcﬂ( i )+rsin 0 ¢

1 cA,
. cal e (&9( W-d) co )

+§1(.1 {AF—E(’A¢))+¢I( (r4 ﬁA,)

r\sin @ c¢ cr c0
d oV 1 uall
ST N1
r’ar r* sin 6 66 00 +r2 sin’ 6 d¢?



