Maths Methods & Applications (first semester material.:
“Theoretical Physics I”) - Dr Graham S McDonald

3 Sets of Sample Jan/May
Exam Questions with
Solutions

A. Jan Test Format:

COMPULSORY Section A-type short
questions (worth 40 marks)

TWO COMPULSORY Section B-type questions will
be included (Topics: Vector Calculus and Matrices)

B. May Exam Contributions:

Some Section A-type short questions (worth
around 13 of the 40 marks of Section A)

ONE OPTIONAL Section B-type question (you do 3
from the 6 presented) will be included (Topic:
Matrices or Differential Equations)
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' SECTION A s
1. Answer ALL parts of the question:

(a)  Consider a body that rotates with constant angular velocity o =4i +3j-k.
Calculate the tangential velocity v = @ x r at the point given by the position
vector r =2i-6j-3k

(4 Marks)

(b)  The position of a moving particle is given by a time-dependent position vector
r(t). Derive an expression for the velocity of the patticle, v(z) = gd—t@ ,
when:

r() = (20 4+ 3)i+ (2 +30)i+(F + 20 k.
(4 Marks)

(c) A physical quantity is defined over a region of space by the scalar field
¢(x,y,2). Describc what physical property of this field is given by
gradd (=V9) .

(6 marks)

(d)  Foravector field A(x,y, z) , the divergence theorem can be stated as:

[diva av =dA-ds.
1 4 s
Explain the meaning of each of the symbols used in this equation and the
interpretation of the quantity divA that is implied by this theorem.
(8 marks)
(e Find the matrix products AB and BA , and hence show that AB # BA , when

A

11

MRS ]

QUESTION 1. IS CONTINUED ON NEXT PAGE

(4 Marks)
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QUESTION 1 CONTINUED....
By considering matrix determinants, calculate the rank of the matrix:

o)

Two homogeneous linear equations, with constant coefficients a, b, cand d
take the form:

(4 Marks)

ax+by=0
cx+dy=0

Describe the solution(s), x and y, in the cases where the determinant of the

coefficient matrix, det A , satisfies:

(i) detA=0,
and (i) detA=0.
(6 Marks)

Use the chain rule to show that v = f(u) is a solution of the partial differential
equation:

v v o

ox
when u = y +5x and f is an arbitrary differentiable function.

(4 Marks)



SECTION B
A particular scalar field is defined by the equation:
J(x,y,2)=x+yt +xyz .
Show that V¢ for this field is given by:

Vé= (c’+yz)i + (xe’+ 22+ xz)j+ YRz +x)k .
(7 Marks)

Hence, calculate the magnitude of the rate of change of ¢(x, y,z) at the
point (x,,z)=(2, 0,3) in the direction of the vector 3i-2j+k.
(13 Marks)

Use the given form of V¢ (in terms of i,j,andk) to prove that the vector field
V(x,y,z)=V¢ isaconservative field.
(10 Marks)

Answer BOTH parts of the question:

@

®

Discuss the concept of vector area (making reference to the magnitude and to

the direction of the cross product of two vectors in your answer).
(6 Marks)

For the vector field A(x,y,z)= (3x -2 y)i + (x’z)j +(1- 22)k , show that:
(i) V.A=1 M and
(i) VxA=-x"i+2(xz+1)k.

(14 Marks)

Consider the same vector field A over the circular region S that is bounded by
thecurve x’ +y® =a® inthe z=0 plane. Adopting the convention that the

normal to the surface S is in the direction of the positive z-axis, show that:

IA~dS =za’ .
S

Note: you should use the fact that A =(3x—2y)i+k inthe z=0 plane.

(10 Marks)



Answer BOTH parts of the question:

{a)

®)

If
3 -2 2
A=]1 2 -=3{,
4 1 2

show that the matrix of cofactors of A is;

7 -14 -7
C=l6 -2 -11].
2 1 8

Show also that the determinant of A is det(A) = 35.

Hence, find the matrix A™ (that is the inverse of the matrix A).
(14 Marks)

1
Prove that the eigenvalues of the matrix A = [

2
4 3] are given by A, =-1 and

A, =5. Hence, find either one of the two linearly independent eigenvectors of
the matrix A.
(16 Marks)

-7-

Answer ALL parts of the question:

(a)

@®)

Use the integrating factor method to show that the solution of the differential

equation:

is
x(t) = x(0) e_%‘+8[ RETIY ] ,

where B=——A¥— , and A4, Tand © are real constants.

(o)

(14 marks)

Identify the transient and the long-term steady-state components of the solution
x(#). -

Comment on the relative phase of the steady-state component and the driving

term, Ae'®’ , in the limit of large damping (T — ).

(6 marks)

Use the method of separation of variables to prove that a solution of the partial

differential equation:

éu—=2 +u
ox

is given by:

nive

u(x,y)= Kec(x%)e- s

where K and c are constants.
(10 Marks)

-8-
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Answer ALL parts of the question:

(a)  Dctermine the constant a such that the vectors A =2i+aj+k and
B =4i-2§-2k are perpendicular.
(4 Marks)

()  Consider a body that rotates with constant angular velocity ;t) =41+3f~k.
Calculate the tangential velocity v =@ x v at the point given by the position
vector r=2i-6j-3k.

(4 Marks)

() Define divV =V.V ,where V =V(x,y,z)isa vector field. .
Deseribe, in words, what properties of the field V are expressed by ils

divergence.
{3 Marks)

(d)  Define curlV=VXV ,where V= V(x,p,2)isa vector field.
Describe, in words, what propertics of the field V are expressed by its curl.

(5 Marks)

(e} Find the matrix products AB and BA, and hence show that AB # BA , when
1 2 56
= d Bo .
determine the rank of the matrix

oy

QUESTION 1. IS CONTINUED ON NEXT PAGE

4 Marks)

/] By idering matrix di

(4 Marks)

SECTION B

Anel ic charge distribution gives rise to a scalar potential given by:

B(x,y,2) = yisinx+x2’ +2z+4y ,
where x, y, and z are space coordinates (physical units have been omitted for
simplicity). Show that the nssociated vector field E =~V ¢ = ~gredg is givu; by
E(x,y,2)= —(y’ cosx+ z’)l -(2ysinx+4)j- (Bn’ + 2)k .

(10 Marks)
Hence, prove that the original charge distribution density, given by
p=5V.E=g,divE, is:
2lx,3,2)= 5oy - 2)sinx - 65,1z .
(10 Marks)

For the above vector field E{x, y,z), verify that q’z_dr =0 by considering line
c

clements, dr, along the closed path C (up and down the y-axis, in the z =0 planc)
defined as:

(1) from point A at the origin, where {x, y) = (0,0), to point B, where (x, ) = (0,1),

and then

 (¢i) from point B back to point A (see diagram below).

of ’
x (10 Marks)

e SHMRLE BN 2

QUESTION 1 CONTINUED....

- 23
(¢}  Thematrix B=[4 l] has eigenvalues givenby 4, =2 and 4, =5.
Hence, verify that:

@) the product of the eigenvalues of B is cqual to the value of the
delerminant of B ; and

(i) the sum of the cigenvalues of B is equal to the sum of the diagonal

clementsof B.
(4 Marks)

(h)  Usethe infegrating factor method to show that the general solution of
a

;—+Py=q.whcre pand q are constants, can be written as
X

») =%+Ce"' \

where C is an arbitrary constant.
(5 Marks)

[0 Use the chain rule to show that v = f(u) is a solution of the partial differential
equation:
v lov

—+-Z=0,
dx cot

when u=x-cf, ¢ isaconstant,and f is an arbitrary differentisble function,

(5 Marks)
4
For a vector field A(x. ». z) , Stokes’ theorem can he stated as:
I(cnrl A)-dS =(jA~ dr.
H ¢
Explain the meaning of each of the symbols used in this eq and the intery
of the quantily curl A that is implied by this theorem,
(8 marks)
For the particular vector field:
Alx,2) = o+ 2y -z + a2,
show that: :
curl A=xi-zj-(x+z)k.
{10 marks)

.

Hence, show that J(curl A)-dS=0 when S is the square areainthe x=0 plane
5

whose comers are O (0,0,0), A (0,1,0), B (0,1,1) and C (0,0,1). This area is illustrated
(shaded) in the figure below. In your calculation, assume that dS points in the positive
x-direction.

(12 marks)

-6-



4, Answer BOTH parts of the question:

fa)

-2

Show that the eigenvafues of the matrix A = [i 2

] arc given by
A =40mnd 4 =6.

(8 Marks)

Hence, find gither one of the two linearly independent eigenvectors of the
matrix A.

(8 Marks)

] Use a method of your choice, to find the inverse of the matrix B, where
1 0 -1
B=|-2 1 0].
1 -1 2
(14 Marks)
-
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Answer BOTH parts of the question:

(a)

®)

An clectrical circuit ists of o R and a cap
in series to a battery of constant voltage V. By ideri
acsoss R and C, one arrives 2t an ordinary differential equation for the charge
stored Q(): '

c 4
g the voltage d

q
PP

9.0
Rdr*c v,

where tis time. Show that the general solution of this differential equation is
given by:
0(1) = Q™" + PCl-c*) .

Also find the particular solution when Q(0) =0 and idenlify the long-term
steady-state and of this p
interpretation of your results.

Give a phy

P

(20 Marks)

Use the (partial differential equation) method of separation of variables to
prove that a solution of _‘:‘x— = 4% is givenby u(x,y) = Ket*?)  where X

and ¢ are conslants.
(10 Marks)
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SECTION A

1. Answer ALL parts of the question:

(a)

o

©

@

(e

Determine the constant @ such that the vectors F=2i+2j~k and
r = ai—7j—18k are perpendicular.
(4 Marks)

‘The position of a moving particle is given by a lime~dependent position

vector r(t). Derive an oxpression for the velocily of the particle, v(1) = :Tr(’l '
when:
r()=¢' t+2cos(37) j+2sin(3r) k. -
(4 Marks)

Describe what is meant by: (a) ascalar field ; and (b) a vector field.
With reference to a typical weather forecast map, give one example of cach type
of field.

(6 Marks)

Describe the property of the vector ficld A that divA (ie. V-A)
represents (make reference to the divergence theorem and give one, or more,
physical examples in your answer).

(5 Marks)

Describe the property of the vector field A that curlA (ic. VxA)
ts (make refe to Stokes’ th

examples in your answer).

and give one, or more, physical

(5 Marks)

QUESTION A 1S CONTINUED ON THE NEXT PAGE

®

)

@

SECTION B

2. A pasticuler scalar field is defined by the equation:

xpr)=xz+ 200+

Show that V4§ for this field is given by:

V¢=(2xz+2y’)1+(4xy+z’)j+[x’+2yz)k .
(7 marks)

Hence, calculnte the magnitude of the rate of change of $(x,y,z) at the

point (x,y,2)=(1, 2,—1) in the direction of the vector 2{+3-4k.

(13 marks)

Use the given form of V¢ (in terms of i, j, end k) lo prove that V4§ is a conservative

Sield.

(10 marks)

.5-

By considering matrix determinants, show that the rank of the matrix A is equal
to 1 when:
K j.
39

Relale your answer for part (¢} to a description of the solution of the following
two simultaneous equations:

2+ 6p=1

3x+9p=2.
Illustrate your answer with a sketch that includes lines in the x-y planc.

(4 Marks)

{4 Marks)
Two simull linear equations, with ¢ cocfficients a,b,cand d,
take the form:
ax+bhy=e
ex+dy=f

where e and fare also constants. Verify that the homogeneous system
(== 0) alwnys has the trivial solution (x =y =0 ).
(4 Marks)

Use the chain rule to show (hat v = f(u) is a solution of the pertial differential
equation:

v dv
;«b 35 =0,

where u = y=3x and f is an arbitrary differentiable function.

(4 Marks)

3. Answer BOTH parts of the question:

(@)

@

For a vector ficld A(x,y,z), Stokes' theorem can be steted as:

f(curt A)-ds=gA-ds.

Explain the meaning of each of the symbols used in this equation and the
interpretation of the quantity cur/ A that is implied by this theorem.

(8 Marks)

The fluid velocity of a particular uniform flow s given by V, = 2i+3j+k.
An example of a non-uniform flow is given by V, =2yi. Bvaluale curl V
for cach of the flows V, and V; nd intecpret the results. What docs Stokes’

theorem imply regarding the character of the vector fields representing the
uniform and the non-uniform flows?

(14 Marks)
The circulation of a vector field V(x,y,2)=V,i+V, J+V Kk eround a closed
poth C, canbe writtea as: V. dr =¥, dx+¥,dy+¥,dz. Hence, verify
(4 <

Stokes’ theorem for the unifi the closed path C in

flow V, by consideri
the x-y planc (around the four sides of a squarc) given by:

(%y.z)=(0,0,0)—(0,1,0)—( 1,1,0)=(1,0,0)—(0,0,0).

(8 Marks)



Answer BOTH parts of the question:

(@ If

8 7 -6
c=[1 =4 2|
5 -5 5
Show also that the determinant of A is det(A) = -5. Hence, find the
matrix A~ (thet is the inverse of the matrix A).
(15 Marks)

32
(&)  Prove that the cigenvalues of the matrix B = [l 2] are given by 4, =1 and

4, =4. Hence, find either one of the iwo lincarly independenl eigenvectors of

the matrix B.

(IS5 Marks)
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S. Answer BOTH parts of the question:

(a)  An electrical circuit ists of a R and en ind L d
in series to a battery of constant voitage V. The voltage dropped across R and
L, and the current K(f), are related through the ordinary differential equation:

df
L—+RI=V
dt !

where  is time,

Show that the general solulion of this differential ion is given by:

1!

s o (2] ol )

Find the particular solution when 7(0) =0 and identify the long-term (steady-
state) and i p of this particular soluti

(18 Marks)

()  Use the method of separation of variables to prave that a solution of the partial
differentinl equation 3%+a—ayu- =0 isgivenby u(x,y)=K -3 uhere

K and ¢ are consiants.

(12 Marks)
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