Maths Methods & Applications (first semester material.:
“Theoretical Physics I”) - Dr Graham S McDonald

3 Sets of Sample Jan/May Exam
Questions with Solutions

- HIGH RESOLUTION
VERSION-

A. Jan Test Format:

COMPULSORY Section A-type short
qguestions (worth 40 marks)

TWO COMPULSORY Section B-type questions will be
included (Topics: Vector Calculus and Matrices)

B. May Exam Contributions:

Some Section A-type short questions (worth
around 13 of the 40 marks of Section A)

ONE OPTIONAL Section B-type question (you do 3 from the 6
presented) will be included (Topic: Matrices or Differential
Equations)
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SECTION A mu

1. Answer ALL parts of the question:

(@) Consider a body that rotates with constant angular velocity @ = 4i+3j—k.
Calculate the tangential velocity v =@ xr at the point given by the position
vector r=2i—6j-3k

(4 Marks)

(b)  The position of a moving particle is given by a time-dependent position vector

dr(t)

b4

r(¢). Derive an expression for the velocity of the particle, v(¢) =

when:
r(r) = (2t +3)i+( + 3t)j+ (t3 +212 )k.
(4 Marks)

(c) A physical quantity is defined over a region of space by the scalar field
¢(x,y,z). Describe what physical property of this field is given by

grad¢ (=V9) .
(6 marks)

(d) For a vector field A(x, ¥, z) , the divergence theorem can be stated as:

jdivA dV:(‘:fA-dS.
14 S

Explain the meaning of each of the symbols used in this equation and the

interpretation of the quantity divA that is implied by this theorem.
(8 marks)

(e) Find the matrix products AB and BA , and hence show that AB # BA , when

(4 Marks)

QUESTION 1. IS CONTINUED ON NEXT PAGE
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QUESTION 1 CONTINUED....

By considering matrix determinants, calculate the rank of the matrix:
A= .
8 4

Two homogeneous linear equations, with constant coefficients @, 5, cand d,

(4 Marks)

take the form:
ax+by=0
cx+dy=0
Describe the solution(s), x and y, in the cases where the determinant of the

coefficient matrix, det A , satisfies:

(i) detA=#0,
and (ii)) detA=0.
(6 Marks)

Use the chain rule to show that v = f(u)is a solution of the partial differential

equation:
2_5@ =0,
ox oy

when u = y +5x and f is an arbitrary differentiable function.
(4 Marks)



SECTION B
A particular scalar field is defined by the equation:
#(x,y,2)=xe’+y2 +xyz .
Show that V¢ for this field is given by:

Vo= (e”+yz)i+(xe”+z2 +xz)j+y(22 +x)k .
(7 Marks)

Hence, calculate the magnitude of the rate of change of ¢(x, y,z) at the
point (x,y,z)= (2, 0,3) in the direction of the vector 3i—2j+k.
(13 Marks)

Use the given form of V¢ (in terms of i,j,andk) to prove that the vector field
V(x,y,z)=V¢ is aconservative field.
(10 Marks)



Answer BOTH parts of the question:

(@

(2

Discuss the concept of vector area (making reference to the magnitude and to

the direction of the cross product of two vectors in your answer).

(6 Marks)

For the vector field A(x,y,z) = (3x -2 y)i + (xzz) j+ (1 - Zz)k , show that:
(i) VxA=—x+ 2(xz+1)k.

(14 Marks)

Consider the same vector field A over the circular region S that is bounded by
the curve x*>+y? =a® inthe z=0 plane. Adopting the convention that the

normal to the surface S is in the direction of the positive z-axis, show that:

[A.ds=7a.
S

Note: you should use the fact that A =(3x—2y)i+k inthe z=0 plane.

(10 Marks)



Answer BOTH parts of the question:

(a) If
3 -2 2
A= 2 -3},
4 1 2

show that the matrix of cofactors of A is:

7 -14 -7
c=|6 -2 -11.
2 11 8

Show also that the determinant of A is det(A) = 35.

Hence, find the matrix A™' (that is the inverse of the matrix A).
(14 Marks)

I 2
b) Prove that the eigenvalues of the matrix A = [4 3] are givenby A, =-1 and

A, =5. Hence, find either one of the two linearly independent eigenvectors of

the matrix A.
(16 Marks)



Answer ALL parts of the question:

(@)

()

Use the integrating factor method to show that the solution of the differential

equation:
é_{_i:A o
dt T
is
-t ) _t
x(t)=x(0) e A‘+B[ e®_ e % ],
A
where B=————, and A4, Tand o are real constants.

(ico-i-%)

(14 marks)

Identify the transient and the long-term steady-state components of the solution

x(?).

Comment on the relative phase of the steady-state component and the driving

term, Ae'® | in the limit of large damping (7' — ).

(6 marks)

Use the method of separation of variables to prove that a solution of the partial

differential equation:

is given by:

u(x,y)= Kec(ﬂ%)e_% ,

where K and ¢ are constants.

(10 Marks)
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