SUMMARY / OVERVIEW OF ...
Mathematical Methods and Applications
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The first section simply reviews first year coverage of ordinary differential equations (ode’s).

These only have one independent variable. Some terminology and classifications:
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The general solution of an " order o.d.e. has

n arbitrary constants that can take any values. H10
In an initial value Eroblem, one solves an n” order o.d.e. p283
to find the general solution and then applies n to
boundary conditions (“initial values/conditions”) to find p2390
a particular solution that does not have any
arbitrary constants.
. V. ' O,S .
Most important methods:
d
0 =/ = =[x
by ““direct integration”’
@ =gy -} — =|| f(x) dx
dx Jg(y) J
by “separation of variables”
d . “Integrating Factor
Zx-(IF Y)=1F Q(x). Method” for any 15t

divide by [F

IF y =JIF O(x) dx | order linear ode’s




We also covered two cases where transformation of the dependent variable coverts
the equation to a form that can be solved by these previous methods. Namely ...

dy—M(Ly) where M and N are | funct
. = nd N are homogeneous functi
dx  N(x, ) g ions of the same degree
Change the dependent variable from y to v where ¥ =vx then
dy dv M (x
LHS=—=Xx—++V and RHS =—(3~}2 becomes function of v only.
dx N(x,y)
H10 Solve the resulling equation by separating the variables v and x,
p290 then re-express the solution in terms of X and y .
to . . dy y
206 Note that this method also works for equations of the form — = f| = |.
P dx X

d
. Ey + P(x)y =0(x)y"| Bernoulli’s differential equation

Change the dependent variable from y to Z where z =y
This makes the equation linear and we can use the integrating factor method,




Finally, we looked at Exact Differential Equations ... H10
pP290
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o [P(x,y)dx+Q(x,y)dy=0 0296
P 9Q o
If = then the o.d.e. is said to be exact.
dy ox
. . , du du
This means that a function u(x,y) exists suchthat du =—dx + _dy
ox dy
=P dx+ Q dy=0.
Ju ou
Ones solves — =P and — =0 tofind u(x,y).
ox dy
Then du = 0 gives u(x,y)=constant (this is the general solution of Pdx + Ody = 0).

... before moving on to 2" order ode’s



Second order linear o.d.e. with constant coefficients a,b,c

It is called a homogeneous equation because the RHS = 0.

Setting y = A ™

H10
$296 gives |am®+bm+c=0
to (the “auxiliary equation”)
p300 1
Then m=2—(—-bj:\/b2—4ac)
a

gives three different cases ...

1) real different roots m1; , m, and ‘ fy = Ae™ 4B e™"
OR

1) real equal roots m;=my and | y= ( A+ Bx)e""‘ ,

OR

i11) complex roots
m,,=pEigand|y=e"(Acosgx + Bsinqx)l |

’




Second order linear o.d.e. with constant coefficients a,b,c
It is not homogeneous since RHS is not zero.

Solve the corresponding homogeneous equation to get|y = Ycr

This is called the “comElementary function”.
§;32 Two

The general solution of the full equation is|y = Ycr + Yps|
Where Yps is a particular solution of the full equation.

Find yps by substituting a trial form into the full equation
and equate the coefficients of the functions involved
(cg. €7, X, cos x, etc.).

_ Irial form of 22}
Cx+D
. Cx’ - 1Dx &+ IE
k cos ax OR ksin ax C cos ax + D sin ax
H 10 kea.\' Ceax
0301 Sum/product of the above Sum/product of the above
to (k, a are given constants) (C, D, I are constants to be determined)
0305 If the suggested form of yps already appears in Ycr

then multiply the trial form of ype¢ by X until it does not
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Continuing with nth order, linear T
o.d.e’s with constant coefficients ...
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PART\AL DIFFeReNAL  EQUATIONS
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§# solution of
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fv\\\o:Q;%eﬂuS ﬁ&\%’\! (linear & constant coefficients)
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( the p.d.e. technique! ) H10
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' Suppose we wish to solve the boundary-value problem

variables  i.e. substitute the following into the pde

ou

du

3:::

dy

* We assume the solution can be expressed as a product of unknown functio

. u(0,y)=8e~%

* Rearrange the result so that the LHS depends only on x and the RHS depends only on y.

In this example, we find:

1 dX 19y
4X dx Y dy
* Equating LHS and RHS to the “separation constant” ¢ .
yields two odes's:
dX dY
—=c4X| and |—=c¥
dx dy
with solutions: X = Ae** and |} = El:c""]

ns of each of the independent
u(x, y) = X(x)¥(y)
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* Reconstruct u = XV and apply the boundary condition(s) to u or to a sum of solutions of this form

i.e. u= XY = Ke(4x+7)

. Where K = AB

and boundary condition  |u(0, y) = 8e ™3 = kec(0+))

yields

u(x, y)=8e

-4 x+y)




