
SUMMARY / OVERVIEW OF ... 

and ... 



? 



REVIEW OF FUNDAMENTAL CONCEPTS (part three) ... 

Applications of the cross-product                                                     p66-p68 
         1.  Set of scales (moments and torques):  𝝉 = 𝒓 × 𝑭 
         2.  Rotation of a rigid body:  𝒗 = 𝝎 × 𝒓 
 
Time-varying Vectors 
 

 
 
 
                                                  [ tangential to the curve swept out by v(t) ] 
 
Spatial Derivative of v(x) = [ v1 (x) , v2 (x) , v3 (x) ] 

p72 



Derivatives of Products  (product rules) ... 



Examples from Dynamics: circular motion (r,v) and (v,a)              p73,74 
 
Partial Derivatives of Vectors 
 
 
 

 
            For example, 
 
 
                                                                                                                         p75 
 
 
3D Vector Field      V(x,y,z) = v1 i + v2 j + v3 k    (where components are 
                                                                                   are functions of space) 
 
                    For example,            
                                                                                                                          p76 
 



We also have Product Rules for Partial Differentiation 
 
                                                                                                                            p77 
 
 
 
 
 
 
 
 
 
 
                                                                                 
                                                                                 Note:  different partial 
                                                                                             derivatives here ! 
 
  where 



                              grad itself is a VECTOR DIFFERENTIAL OPERATOR 
 
Other notation ( called  “nabla”  or  “del”  =  𝜵 = grad ) 
 
 
 
 
 
 
 

 
           grad operates on a scalar field to give a vector field 

p78 





grad ф  is VECTOR SUM OF GRADIENT COMPONENTS (along  x, y and z) 

p80 



p81 Example. 
 
 
 
 
 
Answer.  1.  Calculate: 
 
                                             which gives a vector field ( all the gradient  
                                             vectors  across  x, y and z )  
 
 
 
 
2.  Substitute for (x,y,z) 
to get mag. & dir. of  
greatest rate of spatial  
change of ф at point P.  



p82 



( s is a new coordinate: along  𝒖  ) 



DIRECTION DERIVATIVE 
 



Worked and physical examples of  𝜵 appear in the main text 
Physical examples                                                                                           p85 
 
 
 
 
 
 
 
                                                                                                                            p86 
 
 
Force acts to give 
maximum  
decrease in 
electrostatic 
potential 



Geometry.  Unit Normal Vectors to a  
                     Surface  with equation  ∅ 𝒙, 𝒚, 𝒛 = 𝐜𝐨𝐧𝐬𝐭. 

Consider surface as representing a 2D contour surface. 
grad ф is perpendicular to every 1D contour on the surface. 
And, therefore, is perpendicular to the surface itself. 

(gives a vector field of all the unit normals) 

p87 



Surface (vector area) element  dS  is 
 
 
 
                                                                                                                           p89 



Then ... 
 
 
 
 
 
 
 
 
SOLID ANGLE 
 
 
 
S is surface area subtended at a sphere of radius r . 
Units of solid angle are steradians (it’s a generalisation of the 2D 
                                                               angle measure of radians). 
Full 2D angle = 2π radians.   Full 3D (solid angle) = 4π steradians. 



Area, 
   S 

    Small angle elements 
 
2D angle:  
 
 
small angle  dθ = ds/r = dl/r 
 
 
3D (solid) angle: 

 
 
 
small (solid) angle 
 
                    where dS is area of surface element, 
                                dA is area of flat plane across  
                                          the “mouth” of the cone. 

arc length = s  
chord length = l 

arc element length = ds 

chord element length = dl  

S 



Further topics in notes 
 
1. Flux of vector field V 
    over an arbitrary closed 
    surface S that contains 
    co-ordinate origin  O’  
(uses solid angle elements) 
 
2.  Total current  I  is the flux of the current density J : 
 
3.   Conventions and Notations 
                                                                            For a closed surface: 

(a)                                                           (b) 

 
                                                                    For a closed curve: 


