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> 7 If P(x, y)is a point in the xy-plane, the
element of area  d can be written
fuside? df = (i dx) x (j dy)
5 [ =dxdyn
LAY F=—dS i.e. a vector of magnitude dx dy acting
% in the direction of i and referred to as
the vector area.
»
| For a general surface S in space, each
element of su a vector area
dS such that|dS = dS .
A _ S
where the surface equationis |S(x,y,z) =0 o= =
whose unit normals are givenby 71 where ... ]qg \




A flux calculation (very long example) ...

for a given vector field: { (“‘tjﬂ'—\ I q.s*.d\m
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For example (considering ) " pt?
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Physical / geometrical picture:
Hsv,7 Vol. density of flux sources | Mathematically:

V(X,y2) = iV, +jV,+kV,

grad = V=1—+]j

@ww\\ divV = V.V (ascalar field)

aV oV aV,
dx ady 0z

i.e.|div

d;YNV< O| NET OUTFLOW OF FLUX PER
" . | UNIT VOLUME (AT A POINT)

|\ WFLow
oF Fuux . “« . . ”
div V = 0 for “solenoidal fields
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Recath haks axb = - 3% ) 2 t%\: T - W

curl V ( also called rot V) of a vector field V(x\y,z) =iV, +jV, +kV,

is given by: | E \l \E Physical description
cul V = EZ X \/{ ~ & 4 9{2: curl V is a vector field
w e describing direction &
Vs \/3 N magnitude of:
circulation,
M;thel-n:'tlcal = Wa Wy “Q ) Va RN rotation,
escription ~ ‘3‘3 oy W 3 vorticity,
twist
e [V - 2%\ o field V(x,y,2)
~ |\ ¢ “




PhySicaI “fovres " g , |

pictures... .
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rotation (rot)
= circulation

curl

Storm in a teacup
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note right-hand
rule direction

curl V

like angular
velocity vector, w

Velocity
field V
of rotating
bOdy I’.
| see pli?
@ topll4

Vortex (e.g. optical in
laser beam X-section)




fmmﬁ\es ﬁ (%h:;& &Gnoumic_s e V is constant (vector)

everywhere
:ﬁ("" S UNIFRM FLOwW OF FLutd
3 \//v (space \;\JW@ curl V=0 (i.e. everywhere)
— n— Field V is called
S = = > N
Ml ey uhee g ftud “"""% | “IRROTATIONAL”.
’\Z\;'%(JM‘(Q \/d.OC(
curl V=-ak
() Fou neer o rive ok (ot =0 / ("into the page”)
S - o Y - 0(6 k Field V is called
> “ROTATIONAL”
" \ has some “circulation”).
e e AAMPI ( )
O— w tont ) I if
F 4 - -
S ol= ong But, not all non l.JnI orm
flows are rotational !
Physical ~ =
—eRd _ - \/ | Differential forces on the paddle wheel
interpretation:

;\ 9@ " | make it rotate. Using a right-hand-rule,

caddle the curl V vector points into the page;
p115 to p117 wheel | compare with w of a rotating body.
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. amqk Ay = ¥ ( V. i‘\\) vector field = gradient vectors of
& % g the net flux outflow in A

scalar field = net flux outflow of

3 N &‘“‘7&¢ = Y (Y¢> the gradient vectors of ¢

vector field = “the
S circulation of the
circulation of A”

R CM(QMk?b = yx (Y¢)= O Can’t have

o circulation of
gradient vectors:
TRWE FOR ANY ScALAR REWD 525 ->"an impossible

staircase”



Circulation of the ?

Topologically possible

for a vector field F. a
 (
vector
field nearby fields point in approximately
F the same direction
- | |




Circulation of gradient vectors ?

. (GOING UP ..
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gradient
vectors ?
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* divad p = Y,(Yxa\:O |

TRUE PR ANY VEGOR RELD A

/\/
divergence of the

To have this, the original field
F has to simultaneously
point in opposite

directions at

individual

locations d

vector
field

It is topologically
impossible for any vector
field A to have divergence

of its circulation vectors.
.

p122



Let’s return to the second multiple operation ...

ol\\/ \Ov(wk ¢

For example, this could be positive at the top of a hill
in a 2D contour map. Mathematically

| 4 WY 4
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( ¢ B scalar field = net flux outflow of
the gradient vectors of ¢




This has its own symbol ... V¢ and its own name ...

7 1 [N
V- 13 5 i—y&* %3"+ = TuE LAPLAGAN

As it’s a scalar operator, it can act

on either scalar or vector fields: V ¢' o V \.{»
And, it appears in very many v d’
standard model equations q ?5_ ng;
(more examples in the notes): ¢ ok
s M{J 0123
V¢ CF )ab to



Finally, a couple of extra results appearing in the end summary ...

4. Scalar triple product A.(BxC) p;';g
From ,
Determinant = & & & || mid
properties A.(BxC)=| b, b, b,
OR
Parallelepiped €x Sy €2
volumes A.(BxC)=B.(CxA)=C.(A xB)
Unchanged by cyclic change of vectors.
Sign reversed by non-cyclic change of vectors. H4
p130
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9. Integration of vectors

b b b b
J Adu=ij axdu+jj a,Qu-i-kJ a, du



