
A SUMMARY /  
OVERVIEW OF 



where the surface equation is     S(x,y,z)  = 0       
whose  unit normals are given by    𝒏     where ... 



A flux calculation (very long example) ... 
 

for a given vector field:                                               .   





p95 
to 

p101 

For example (considering  
just one of the six sides) ... 



Physical / geometrical picture: 
              vol. density of flux sources 

Vector 
field V 

div V > 0 
 
 
 
 
 
div V < 0 
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Mathematically:   
 

  V (x,y,z)  =  𝒊 Vx + 𝒋 Vy + k Vz 
 

grad  =  𝜵 = 𝒊 
𝜕

𝜕𝑥
+ 𝒋 

𝜕

𝜕𝑦
+ k 

𝜕

𝜕𝑧
 

 
       div V  =  𝜵. 𝑽  (a scalar field) 
 

i.e.  div V  =  
𝜕Vx

𝜕𝑥
+ 

𝜕Vy

𝜕𝑦
+ 

𝜕Vz 
𝜕𝑧

 

 
NET OUTFLOW OF FLUX PER 
UNIT VOLUME (AT A POINT) 
 

div V = 0 for “solenoidal fields” 



curl V  ( also called  rot V ) of a vector field   V (x,y,z)  =  𝒊 Vx + 𝒋 Vy + k Vz 
is given by:                                                               
 
                                                                                           curl V  is a vector field 
                                                                                           describing direction & 
                                                                                           magnitude of: 
                                                                                                       circulation, 
                                                                                                         rotation, 
                                                                                                         vorticity, 
                                                                                                            twist 
                                                                                                    of field V(x,y,z) 

Mathematical 
description 

Physical description 
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Physical  
pictures... 

div() > 0 

div() < 0 

Vortex (e.g. optical in 
laser beam X-section) 

Velocity 
field  V 

of rotating 
body 

curl V 
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see p112 
to p114 

like angular 
velocity vector, 𝝎 

note right-hand 
rule direction 

 



V  is constant (vector) 
everywhere 

 
curl V = 0   (i.e. everywhere) 

 
Field  V  is called 
“IRROTATIONAL”. 

 
curl V = − α k 

(“into the page”) 
 

Field  V  is called 
“ROTATIONAL” 

(has some “circulation”). 
 

But, not all non-uniform  
flows are rotational ! 

(                 ) 

Physical 
interpretation: 
                                                                           

p115 to p117 

Differential forces on the paddle wheel 
make it rotate.  Using a right-hand-rule, 
the  curl V  vector points into the page; 
compare with  ω  of a rotating body. 



vector field = gradient vectors of 
the net flux outflow in A 
 
scalar field = net flux outflow of 
the gradient vectors of ф 

 
             vector field = “the  
             circulation of the 
             circulation of  A” 
 
                           Can’t have  
                           circulation of 
                           gradient vectors: 
                          -> “an impossible 
                                staircase” 

p117 to p121 

● 

● 

● 

● 



Circulation of the circulation vectors ? 
 
Topologically possible 
for a vector field  F . 

nearby fields point in approximately  
the same direction 

circulation  
vector 



Circulation of gradient vectors ? 

gradient 
vectors ? 



● It is topologically 
impossible for any vector  
field A to have divergence  
of its circulation vectors.  

p122 



Let’s return to the second multiple operation ... 

For example, this could be positive at the top of a hill  
in a 2D contour map. Mathematically ... 
 
 
 
 
 
 
 
So ... 

p123 



This has its own symbol   …  ∇2   and its own name  ... 
 
 
 
 
As it’s a scalar operator, it can act  
on either scalar or vector fields: 
 
And, it appears in very many 
standard model equations 
(more examples in the notes): 
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Finally, a couple of extra results appearing in the end summary ... 


