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1. Answer ALL parts of the question:
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SECTION A

Determine the constant a such that the vectors A =2i+aj+k and
B =4i-2j—2k are perpendicular.
(4 Marks)

Consider a body that rotates with constant angular velocity @ =4i+3j-k.

Calculate the tangential velocity v = @ x r at the point given by the position
vector r = 2i—6j—3k.
(4 Marks)

Define divV =V.V ,where V =V(x,y,z)is a vector field.

Describe, in words, what properties of the field V are expressed by its

divergence.

(5 Marks)

Define curlV=V XYV ,where V =V(x,y,z)is a vector field.

Describe, in words, what properties of the field V are expressed by its curl.

(5 Marks)

Find the matrix products AB and BA , and hence show that AB # BA , when

1 2
A= andB=56.
3 4 7 8

(4 Marks)

By considering matrix determinants, determine the rank of the matrix

)

QUESTION 1. IS CONTINUED ON NEXT PAGE

(4 Marks)
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QUESTION 1 CONTINUED....

2 3
The matrix B= [4 1] has eigenvalues givenby 4, =-2 and 4, =5.

Hence, verify that:

(i) the product of the eigenvalues of B is equal to the value of the

determinant of B ; and

(ii) the sum of the eigenvalues of B is equal to the sum of the diagonal

elements of B.

(4 Marks)
Use the integrating factor method to show that the general solution of
% + py = q, where p and q are constants, can be written as
yy=Licer,
p
where C is an arbitrary constant.
(5 Marks)

Use the chain rule to show that v = f(u) is a solution of the partial differential

equation:

when u=x—ctf, ¢ isaconstant, and f is an arbitrary differentiable function.

(5 Marks)



SECTION B

An electrostatic charge distribution gives rise to a scalar potential given by:
d(x,y,2) =y sinx+xz’ +2z+4y ,
where x, y, and z are space coordinates (physical units have been omitted for

simplicity). Show that the associated vector field E=—-V ¢ = —gradg is given by:

E(x,y,2) = —(yz cosx+z3)i—(2ysinx+ 4)j—(3xz2 + 2)k .

(10 Marks)
Hence, prove that the original charge distribution density, given by
p=V.E=¢gdivE , is:
p(x, ¥, z) =&, (y2 - 2)sin x—6g,xz .
(10 Marks)

For the above vector field E(x, Vs z), verify that cj E.dr =0 by considering line
[of

elements, dr, along the closed path C (up and down the y-axis, in the z = 0 plane)
defined as:

(1) from point A at the origin, where (x, y) = (0,0), to point B, where (x, y) = (0,1),
and then

(ii) from point B back to point A (see diagram below).
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For a vector field A(x, ¥, z) , Stokes’ theorem can be stated as:

[(curt A)-ds=dA-ar.

Explain the meaning of each of the symbols used in this equation and the interpretation

of the quantity curl A that is implied by this theorem.

(8 marks)
For the particular vector field:
A(x,y,z)=xyi+ (2y —xz)j +xzk,
show that:
curl A= xi—zj—(x+z)k .
(10 marks)

Hence, show that j(curl A)-dS=0 when S is the square area in the x=0 plane
S

whose corners are O (0,0,0), A (0,1,0), B (0,1,1) and C (0,0,1). This area is illustrated
(shaded) in the figure below. In your calculation, assume that dS points in the positive

x-direction.

(12 marks)



Answer BOTH parts of the question:

8 -2
(@) Show that the eigenvalues of the matrix A = [4 2] are given by

A =4and A, =6.
(8 Marks)

Hence, find either one of the two linearly independent eigenvectors of the

matrix A.

(8 Marks)

(b) Use a method of your choice, to find the inverse of the matrix B, where

1 0 -1
B=|-2 1 0
1 -1 2

(14 Marks)



Answer BOTH parts of the question:

(@)

®)

An electrical circuit consists of a resistance R and a capacitance C connected
in series to a battery of constant voltage 7. By considering the voltage dropped
across R and C, one arrives at an ordinary differential equation for the charge
stored O(?):

R¥®L.2_p.

—_— ==

da C
where ¢ is time. Show that the general solution of this differential equation is
given by:
o) = QO™ + vC(l-e7'%) .

Also find the particular solution when Q(0) =0 and identify the long-term

steady-state and transient components of this particular solution. Give a physical
interpretation of your results.

(20 Marks)

Use the (partial differential equation) method of separation of variables to

prove that a solution of Qau_ = 4% isgivenby u(x,y)=K e where K
X

and ¢ are constants,

(10 Marks)
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