SAMeLE EXAM 3
—_—

SECTION A

1. Answer ALL parts of the question:

(@)

(®)

(c)

@)

(e

Determine the constant @ such that the vectors F=2i+2j-k and
r = ai—7j—18k are perpendicular.

(4 Marks)

The position of a moving particle is given by a time-dependent position

vector r(¢). Derive an expression for the velocity of the particle, v(¢) = C:;(t) )

when:
r()=e¢ ' i+2cos(3¢) j+2sin(3t) k.
(4 Marks)

Describe what is meant by: (a) a scalar field ; and (b) a vector field.
With reference to a typical weather forecast map, give one example of each type
of field.

(6 Marks)

Describe the property of the vector field A that divA (i.e. V.A)

represents (make reference to the divergence theorem and give one, or more,
physical examples in your answer).
(5 Marks)

Describe the property of the vector field A that curlA (i.e. VxA )

represents (make reference to Stokes’ theorem and give one, or more, physical
examples in your answer).

(5 Marks)

QUESTION A IS CONTINUED ON THE NEXT PAGE



®

(%)

()

By considering matrix determinants, show that the rank of the matrix A is equal
2 6
A= .
309

Relate your answer for part (c) to a description of the solution of the following

to 1 when:

(4 Marks)

two simultaneous equations:
2x+6y=1
3x+9y=2.

Illustrate your answer with a sketch that includes lines in the x-y plane.

(4 Marks)

Two simultaneous linear equations, with constant coefficients a,b,cand d,
take the form:
ax+by=e
ex+dy=f
where e and fare also constants. Verify that the homogeneous system
(e=f=0) always has the trivial solution (x=y=0).
(4 Marks)

Use the chain rule to show that v = f(u)is a solution of the partial differential
equation:

2+3@=0,

ox Oy
where u = y—3x and f is an arbitrary differentiable function.

(4 Marks)



SECTION B

A particular scalar field is defined by the equation:
o(x,,2)=x"z+2xp* + yz* .

Show that V¢ for this field is given by:

V¢=(2xz+2y2)i+(4xy+zz)j+(x2 +2yz)k .

(7 marks)

Hence, calculate the magnitude of the rate of change of ¢(x,y,z) at the
point (x,y,z)=(1, 2,—1) in the direction of the vector 2i+3j—4k .
(13 marks)

Use the given form of V¢ (interms of i, j,and k) to prove that V¢ is a conservative

field.
(10 marks)



Answer BOTH parts of the question:

(@)

(®)

For a vector field A(x, Vs z) , Stokes’ theorem can be stated as:

I(curl A)-dS= qA-dr.
§ ¢

Explain the meaning of each of the symbols used in this equation and the
interpretation of the quantity cur/ A that is implied by this theorem.

(8 Marks)

The fluid velocity of a particular uniform flow is given by V, =2i+3j+k.
An example of a non-uniform flow is givenby V, =2yi. Evaluate cur/ V
for each of the flows V, and V, and interpret the results. What does Stokes’

theorem imply regarding the character of the vector fields representing the

uniform and the non-uniform flows?

(14 Marks)

The circulation of a vector field V(x,y,z)=V,i+V j+V, k around a closed

path C, can be written as: Cf V.dr= Cf V.dx+V, dy+V,dz. Hence, verify
C c

Stokes’ theorem for the uniform flow V, by considering the closed path C in

the x-y plane (around the four sides of a square) given by:
(x»2)=(0,0,0)—(0,1,0)—(1,1,0)—(1,0,0)—(0,0,0).

(8 Marks)



Answer BOTH parts of the question:

@ If
2 -1 -3
A=l1 2 1],
2 -2 -5

-8 7 -6
C=|1 -4 2
5 -5 5

Show also that the determinant of A is det(A) =-5. Hence, find the
matrix A" (that is the inverse of the matrix A).

(15 Marks)

3 2
(b) Prove that the eigenvalues of the matrix B = L 2] are givenby A, =1 and

A, =4. Hence, find either one of the two linearly independent eigenvectors of

the matrix B.

(15 Marks)



Answer BOTH parts of the question:

(@)

)

An electrical circuit consists of a resistance R and an inductance L connected
in series to a battery of constant voltage V. The voltage dropped across R and

L, and the current I(¢), are related through the ordinary differential equation:

L£+R1=V R
dt

where ¢ is time.

Show that the general solution of this differential equation is given by:

oo o (2] 5 el (1)

Find the particular solution when /(0) =0 and identify the long-term (steady-

state) and transient components of this particular solution.
(18 Marks)

Use the method of separation of variables to prove that a solution of the partial

differential equation 3%+gﬂ =0 isgivenby u(x,y)=K ¢ole=37) , where

Y

K and ¢ are constants.

(12 Marks)
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