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1. Introduction (Vectors) The vector differential operator ¥V, called “del” or “nabla”, is defined

. b . . . in three dimensions to be:
The base vectors in two dimensional Cartesian coordinates are the

unit vector 7 in the positive direction of the « axis and the unit vector v = i; . i 44 Q k.
7 in the y direction. See Diagram 1. (In three dimensions we also gz 0 Oz
require k, the unit vector in the z direction.) Note that these are partial derivatives!

This vector operator may be applied to (differentiable) scalar func-
The position vector of a point P(xz,y) in two dimensions is xi + yj . tions (scalar fields) and the result is a special case of a vector field,
We will often denote this important vector by 7. See Diagram 2. (In ‘ called a gradient vector field.

three dimensions the position vector is r = i + yj + 2k ) Here are two warming up exercises on partial differentiation.

B : ; ; s d
Quiz Select the following partial derivative, — (zyz™).
Y Diagram 1 y Diagram 2 . Jz )
o (a) a?ye=l, (b) 0, (¢) aylog(s), (d) gl
: r . 9
J v Quiz Choose the partial derivative p (zcos(y) +y).
OFce z 0 = x { | (a) cos(y), (b) cos(y) —zsin(y) + 1,

i , (¢) cos(y)+ asin(y) + 1, (d) —sin(y).
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2. Gradient (Grad)

The gradient of a function, f(z,y), in two dimensiouns is defined as:

rad (a.) = V fa1) = i+ i

The gradient of a function is a vector field. It is obtained by applying
the vector operator V to the scalar function f(x,y). Such a vector
field is called a gradient (or conservative) vector field.

Example 1 The gradient of the function f(z,y) = = +y? is given by:

. B B
V/(z,y) = P a5°
d . o 5
= %(‘Lﬂ; )i ay(.zv+y )i
= (1+0)e+(0+2y)7
= ¢+ 2yj.
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3. Directional Derivatives
To interpret the gradient of a scalar field
. _of. of. af
vf(“r*y‘z)_a z+ay +(?~k

note that its component in the 4 direction is the partial derivative of
[ with respect to @. This is the rate of change of f in the x direction
since y and z are kept constant. In general, the component of ¥V in
any direction is the rate of change of f in that direction.

Example 2 Consider the scalar field f(x,y) = 3z + 3 in two dimen-
sions. It has no y dependence and it is linear in z. Its gradient is
given by

v/

It

d . d :
53;(3.13 +3)i+ 53;(_3:2 +3)7

= 3i+0j5.
As would be expected the gradient has zero component in the y di-
rection and its component in the z direction is constant (3).
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Quiz Choose the gradient of f(z,y) = 2%y
(a) 2xi+3y%5, (b) z%i+19%j,
(c) 2zy3i+ 3z%y%5, (d) Pi+z%j.

The definition of the gradient may be extended to functions defined
in three dimensions, f(z,y,2):

a
Vo) = ghi+ G+ k.

EXERCISE 1. Calculate the gradient of the following functions (click
on the green letters for the solutions).

(b) fley) = VEF R,

1
Ve +y? + 22

(8) flz,y) =2 +3y?,

(¢) f(z,0.2) =322 /F+cos(32), (d) flz,y,2) =

' 4
(e) f(r-y)=(ITf_-ﬁ. (f) f(z.y.2) = sin(z)ev In(z).
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(Quiz Select a point from the answers below at which the scalar field
flz,y,2) = 2°yz — zy*2 decreases in the y direction.

(E\-) (l!_l'g): (b] (lll)
(6] (=Lls1.2¥, (d) (10, 1).

Definition: if 7 is a unit vector, then n- V f is called the directional
derivative of f in the direction . The directional derivative is the
rate of change of f in the direction 7.

Example 3 Let us find the directional derivative of f(z,y,) = z%yz
in the direction 4¢ — 3k at the point (1, —1,1).
The vector 4i — 3k has magnitude /4% + (=3)2 = /25 = 5. The unit
vector in the direction 4¢ — 3k is thus 7 = :(4i — 3k).
The gradient of f is

o

&,z .. @
N[ = —(r7yz
[ o= gt i+ g

= 2ryzi + 227 + 22yk,
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and so the required directional derivative is

—

A-Vf = =(4i—3k)- (2eyzi + 2227 + 22yk)

5
i ’
= 3 [4 ><2.T:13+0—3><:1:2y].
At the point (1,—1,1) the desired directional derivative is thus

n-Vf==B8x(-1)-3x(-1)]=-1.

i
b}
EXERCISE 2. Calculate the directional derivative of the following func-
tions in the given directions and at the stated points (click on the
green letters for the solutions).

(a) f=3x®— 3y? in the direction j at (1,2,3).
(b) f=+/2? 4+ y? in the direction 2i + 25 + k at (0,—2,1).

(e) f =sin(z) + cos(y) + sin(z) in the direction i + 77 at (7,0,7).
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Quiz Which of the following vectors is normal to the surface z%yz = 1
at (1,1,1)?

(a) 4di+j+1Tk, (b) 2i+7+2k,

(c) i+5+Ek, (d) -2i-j-k.
Quiz Which of the following vectors is a unit normal to the surface
cos(z)yz = —1 at (m,1,1)7

1 1 2
a) ——j+ —=k, b) m+j+—=k,
(a) =t (b) ¥ =l

1 1

o d) -—j—-—=k.
(¢) 1, (d) N
Quiz Select a unit normal to the (spherically symmetric) surface
z? + 2 + 22 = 169 at (5,0,12).

ey B2 ol Lo b . Ul
(a) z;— rt e Ek, (b) 51: 3J ::?:i_k
.. 12 B .
€ B3 @ -tk
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We now state, without proof, two useful properties of the direc-
tional derivative and gradient.

e The maximal directional derivative of the scalar field f(x,y,z)
is in the direction of the gradient vector V f.

o If a surface is given by f(x,y, 2) = ¢ where ¢ is a constant, then
the normals to the surface are the vectors =V f.

Example 4 Consider the surface xy® = z+2. To find its unit normal
at (1,1,—1), we need to write it as f = zy® — z = 2 and calculate the
gradient of f:

Vf=19%+3xy% - k.
At the point (1,1,—1) this is Vf =4+ 3j — k. The magnitude of
this maximal rate of change is

V124324 (-1)2 = V11.

Thus the unit normals to the surface are +

L o 2
m(z—%—?ﬂ — k).
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4. Final Quiz
Begin Quiz Choose the solutions from the options given.
1. What is the gradient of f(z,y,2) = 2yz~1?
(8) i+j — 272k, ) Liv Z5-Zg,
§ . 8 z
(c) yz li+z2"1j + zy22k, (d) —5.
z
2. If n is a constant, choose the gradient of f(r) = 1/r™, where
r=|r| and r = zi + yj + zk.

. ni+j+k nr n o
(a) 0, (b) B gt (C)—me (d)“ﬁy-nw'

3. Select the unit normals to the surface of revolution, z = 22% + 2y?
at the point (1,1,4).

(a) ﬂ:%(i-ﬁ—j—k), (b) ﬂ:%(i+j+k),
(€) £—ps(i+3), (@) (23 + 2 — 4k).

End Quiz |Score: Correct |
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Solutions to Exercises
Exercise 1(a) The function f(z,y) = z + 3y*. has gradient

vy = Wppy

81‘ +8_y

Il

8 D%
a—y(-’tT +3y7)3

= (1404 (0+3x2y* )5
= i+6yj.

Click on the green square to return

Solutions to Exercises

Exercise 1(c) The gradient of the function
f(z,y,2) = 32> /7 + cos(3z) = 3.’1223,1% + cos(3z),

is given by:

d a
Vi) = grit pui+ gk
= Syﬂa(xz)i+3m2-(%(y%)j+%(cos(&z))k
S e B -;-y%‘lj ~ 3sin(3z2) k

i ; :
= Gyimi+ §m2y“% 7 —3sin(32) k

6z /yi+ ——3 —3sin(3z) k.

2\

Click on the green square to return
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Exercise 1(b) The gradient of the function

f@y) = VT ¥ g =

(2® +17)%
is given by:

= Bf . 0 o o j2L a 9 2 7"l.
a

Byl .
= §(m2+y2)2 lx%(mz)z

1
(a? +y?): !

.
+3 Xa—y(y);'

1 1
5(:1:2 +8)7 % x 2527 4+ -2-(:1:2 + y2)_é x 292~ 1j4

(@ +y%) " 2zi + (2® + %) Pyj
Val+y? Vel

Click on the green square to return
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Exercise 1(d) The partial derivative of the function

[@,9,2) = ——s oyt

Va2 +y2 + 43

with respect to the variable = is

; 1 3v=3
2 Lty

=(x®+y+2

0(.’{.‘2) = T
dx (22 + Y2 + 22)3

o p

and similarly the derlvatives — aud —— are

0z
?l_"_ y of z
dy

(22 +y2 +22)% (a7 + 9% + 233

ke
Therefore the gradient is

Vf(T‘y Z) =i ==

ri+yj+ zk
(22 + Y2 + 22)5
Click on the green square to return
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Exercise 1(e) The gradient of the function

_ Yy Gl —1
is:
_ &' 5 = 2 e e 4
Vi@y) = 4yx=(a°+1) i+ (2°+1)7" X —4yj
dr dy

= 4y x (-1)(z® + 1)"1-1%(12 +1)i+4(z2+1)"15

4

s 2 ZR i Oy ;
= Ay(z*+1)"" x2zi+ m}
___ 8wmy i 4 y
B (% 4 1) (22 + 1) +

Click on the green square to return
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Exercise 2(a) The directional derivative of the function
f - 3:[:2 o 3y2

in the unit vector j direction is given by the scalar product 7 - V.
The gradient of the function f = 3z% — 3y° is

V. f =6z — 6yj
Therefore the directional derivative in the j direction is
3-Vf=3-(6xi-6yj)=—6y
and at the point (1, 2,3) it has the value —6 x 2 = —12.

Click on the green square to return
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Exercise 1(f) The partial derivatives of the [unction

f(z,y,2) = sin(z)e! In(2)

are

oy B s s

2 = = (sin(x)) e¥In(z) = cos(z) e? In(z),

3—';— = sin(x) E%(Cy) In(z) = sin(z)e? In(z),

0 _ wnteev 2 T T

e = sin(x)e az(in(z)) =sin(z)e =
Therefore the gradient is

V f(z,y,2) = cos(x) e¥ In(2)¢ + sin(x) e” In(z)7 + sin(x) c”% k.
Click on the green square to return
O
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Exercise 2(b) The directional derivative of the function f = /22 + 32
in the direction defined by vector 27 + 27 + k is given by the scalar
product nn - V f, where the unit vector n is

. 20+25+k 28+2j+k 2, 2, 1
= = = =—i+=j+ k.
V22 +922 112 V9 3 3 3
The gradient of the function [ is
ri+ yJ

Vf=

§+0k=

+ i ———
/.1'72+y2?' fx2_|_y2 /$2+y2

Therefore the required directional derivative is

. S | ) ] 2 m
n-Vf=(§1+§J+ k)(m—)— gry

3 Va2 + y? _§\i3:2+y2.
At 1] 0, ~2,1] i fti et e o By =B,
¢ int (0,—2,1)1it1i 5 =@ = g
he point (0, —2, 1) it is equa. ©3 0f£ (=27 @& 3

Click on the green square to return
g q

O
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Exercise 2(c) The directional derivative of the function
[ =sin(z) + cos(x) + sin(z)
in the direction defined by the vector mi + 77 is given by the scalar
product 7o - V[, where the unit vector 7 is
. wi+ g = ]
Vrtdanz V2

The gradient of the function f is

V[ = cos(z)t — sin(y)j + cos(z)k .

Therelore the directional derivative is

t+J
V2 V2
m) — sin(0 1
and at the point (7,0,7) it becomes M =—

V2 V2

AV = cos(z) — sin(y)

- (cos(z)i — sin(y) + cos(2)k) =

Click on the green square to return
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Solution to Quiz:
Consider the function f(z,y) = zcos(y) + v, its derivative with re-

spect to the variable x is

Lf@y) = 3 (zcos(y) +)

oz oz
= 1 xcos(y)+0=cos(y).

= Leyxomst)+ 26

End Quiz
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Solutions to Quizzes
Solution to Quiz:

The partial derivative of zy2* with respect to the variable z is

d . .
s (zyz") =2y % 72 (z%) =y x x x 27D = g2yz

(z=1)

End Quiz
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Solution to Quiz:
The gradient of the function f(x,y) = 2%y® is given by:

- af. of,

Vf(l'? y) - aﬂ:z + ayj
L BPoga. @58
_ 9, $o0 8. WHoa
= S x Vi )

= 222! x g% 4 2% x 3p* 15
= 2zy¥i + 32%y?j.
End Quiz
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Solution to Quiz: The partial derivative of the scalar function
f(z,y,2) = 2?yz — zy®z with respect to y is
af 2

——(z,¥y,2) = 28— 2zYZ.
aﬂ’“) 2 2zy
Evaluating it at the point (1,1, 1) gives

af

dy
This is negative and therefore the function [ decreases in the y direc-
tion at this point.
It may be verified that the function does not decrease in the y direction
at any of the other three points. End Quiz

(1,L1)=1-2x1x1%1l=1-2=~1,
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Solution to Quiz: The surface is defined by the equation
cos(z)yz = —1.
To find its unit normal at the point (7.1, 1), we need to evaluate the
gradient of f(z,y,z) = cos(z)yz:
V f = —sin(z)yzi + cos(x)zj + cos(z)yk .
At the point (7, 1,1) this is
Vi=0+(-1)j+(-k=-3-k
The magnitude of this vector is
JEPF IR = VA,

- Therefore the unit normal is

j 1
Vo

A=—

End Quiz
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Solution to Quiz: The surface is defined by the equation
m“"yz =1

To find its normal at (1,1, 1) we need to calculate the gradient of the
function f(z,y,z) = 2?yz:

V[ =2zyzi+ 2225 + z2yk.
At the point (1,1, 1) this is
Vi=2i+j+k

Thus the required normals to the surface are £(2i + 7 + k). Hence
(1) is a normal vector to the surface. End Quiz
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Solution to Quiz: The surface is defined by the equation
2+ + 22 =169.

To find its unit normal at point (5,0,12) we need to evaluate the
gradient of f(z,y,2) = z% + y> + 2%

Vf=2ri+2yj+ 2zk.
At the point (5,0, 12) this is
Vf=2x514+0x35+2x 12k =107 + 24k
The magnitude of this vector is
V(2 x5)2+ (2 x 12)2 = \/4 x (25 + 144) = 2v/169 = 2 x 13.

Therefore the unit normal is

End Quiz
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