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Mathematics I1 Level 1 Dr GS McDonald

ORDINARY DIFFERENTIAL EQUATIONS (O.D.E.’s) SUMMARY

Introduction

d’y (dy)
d—Z + Zz- =x'|isan example of an ordinary differential equation since it contains only

X
dy

ordinary derivatives such as d_y and not partial derivatives such as-g-.
X X

The dependent variable is y while the independent variable is X (an o.d.e. has only one independent
variable while a partial differential equation has more than one independent variable).

It is a second order equation since the highest order of derivative involved is two i.e. the presence of
2

the term.

2
X

An o.d.e. is linear when each term has ¥y and its derivatives only appearing to the power one. The

appearance of a term involving any product of y and Ey would also make an equation non-linear.

k]
d
In the above example, the term (_dl makes the equation non-linear. (
X .

The general solution of an n™ order o.d.e. has n arbitrary constants that can take any values.
In an initial value problem, one solves an #™ order o.d.e. to find the general solution and then applies n

boundary conditions (“initial values/conditions”) to find a particular solution that does not have any
arbitrary constants.

Solving O.D.E.’s

7 :
. ;1% = f(x) —> y= I f(x)dx by “direct integration”
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Definition M(x,y) =35+ xy isa homogeneous function since the sum of the powers of x and yin
each term is the same (i.e. x” is x to the power 2 and xy=x'y’ giving total power of 1+1=2),
The degree of this homogeneaus function is 2.
dy M(x,y) :
o |—=— where M and N are homogeneous functions of the same degree
dx  N(x,y)
Change the dependent variable from y to v where Y =vx then
d dv M (x,
LHS = £ =X—+V and RHS =—m becomes function of v only.
X dx N(x,y)
Solve the resulting equation by separating the variables v and X,
then re-express the solution in terms of x and y .
, . dy _ (>
Note that this method also works for equations of the form — = f| = |.
dx x
X Ao oWy
— dw Wﬂ
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d
. Ey + P(x)y=Q(x)| First order linear o.d.c. — use the integrating factor method

[Py .
to give

Multiply the equation by integrating factor IF = ¢
L) |

dx
giving IF y=[IF Q(x) dx. Finally, divide by IF toget y.

IF y)= IF Q(x). Then integrate both sides with respect to x,
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W dy
= ity
o d
dw
ve. IF

d
d_y + P(x)y =0(x)y"| Bernoulli’s differential equation
X

Change the dependent variable from y to Z where Z = y'“" .
This makes the equation linear and we can use the integrating factor method.

Dividing by y" gives LQ +P(x)y"™ =0(x)
y" dx

o, 4z -
ie. [“ndx + P(x)z O(x).

( using %= (1-n)y™ % )
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e |P(x,y)dx+Q(x,y)dy=0
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[this method of solution will not be examined]

oP
If —= —Q then the o.d.e. is said to be exact.
dy dx
_ _ _ ou ou
This means that a function u(x,y) exists such that  du =—dx + —dy
ox dy
=P dx+ Qdy=

du Ju
Ones solves — = P and a—-=Q to find u(x,y).
Y

Then du = 0 gives u(x,y)=constant (this is the general solution of Pdx + Qdy = 0).
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d'y ., dy , . .
I + b; + ¢y = 0| Second order linear o.d.e. with constant coefficients «,b,c
x

a

It is called a homogeneous equation because the RHS = 0.

Setting y = A ™ gives am® +bm+c=0 (the “auxiliary equation”)

Then m= -i-(— btb* - 4ac) gives

2a

i) real different roots my ,my and y=Ae™ + Be"™,
or ii) real equal roots M= my and y= (A + Bx)e”"" ,

or iii) complex roots m, , = ptiqand y=e" (Acosgx + Bsingx) .
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d 2
dxz’ + b-dl + ¢y = f(x)| Second order linear o.d.e. with constant coefficients a,,c
X

a

It is not homogeneous since RHS is not zero.

Step One  Solve the corresponding homogeneous equation toget ¥ = Ycr
This is called the “complementary function”.

Step Two The general solution of the full equationis ¥ = ycr + Yps,
Where Yps is a particular solution of the full equation.

Find yps by substituting a trial form into the full equation and equate the

. . . 2 2
coefficients of the functions involved (e.g. € * , X , COS X, etc.).

f(x) ) Trial form of ypg
k C

kx ... Cx+D

kx” .. Cx’+Dx+E
k cos ax OR k sin ax C cos ax + D sin ax

ke™ Ce™
Sum/product of the above Sum/product of the above
(k, a are given constants) (C, D, E are constants to be determined)

Note If the suggested form of ypg already appears in Ycr then multiply the trial form of
Yps by X until it does not appear in Ycr .
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