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The aim of this package is to provide a short self
assessment programme for students who would
like to be able to calculate divergences and curls
in vector calculus.
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1. Introduction (Grad)

The vector differential operator V , called “del” or “nabla”, is defined
in three dimensions to be:
9., 8, 8,
= aer @J + T

Note that these are partial derivatives!

1f a scalar function, f(z,y, z), is defined and differentiable at all points
in some region, then f is a differentiable scalar field. The del vector
operator, V, may be applied to scalar fields and the result, V[, is a
vector field. It is called the gradient of f (see the package on Gradi-
ents and Directional Derivatives).
Quiz As a revision exercise, choose the gradient of the scalar field
J(2,y,2) = wy® - y2.

(a) 24+ (2x—2)7—yk, (b) 2zyi+ 2zyj + yk,

(¢) y?*i—zj—uyk, (d) v+ 20y —2)j —yk.

Ywlor A
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The full range of these packages and some instructions,
should they be required, can be obtained from our web
page Mathematics Support Materials.
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The vector operator V may also be allowed to act upon vector fields,
Two different ways in which it may act, the subject of this package,
are extremely important in mathematics, science and engineering, We
will first briefly review some useful properties of vectors.

Consider the (three dimensional) vector, @ = ai + az2j + azk. We
may also write this as a = (a;,a2,a3). If we multiply it by a constant
¢, then every component of the vector is multiplied by

ca = ac = (cay,cas, cas) .

If we introduce a second vector, b = (by,ba, bs), then we recall that
there are two different ways of multiplying vectors together, the scalar
and vector products.

The scalar product (also called dot product) is defined by:
a-b=a b + azby + agbs .

It is a scalar (as the name scalar product implies).
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(Quiz Select the scalar product of @ = (1,2,3) and b= (3,-2,1).
(a) 2, (b) 10, (¢} 3z—4y+ 3z, (d) 4.

The vector product (or cross product) is defined by:

axb = (asbs— azbs)i— (a1bs —azb)j + (a1bs — azby)k
T 3 k
= a, az as
{11 bQ bg

It is a vector {as the name vector product implies). Note that the
second line is a useful shorthand for the first.

Quiz Choose the vector product of @ = (1,2,3) and b = (3,-2,1).

(a) 8i—8j—8k, (b) —4i- 107 + 4k,
(c) 8i+8j—8k, (d) 8i— 107 — 8k.
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QQuiz Select the divergence of F'(z,y) = %z + (22 — 3y)J.

1 B 1 @
a) ——3, h) —— 4+ 2, Ny - = =, 1) —2.
@ ;-3 O -5+2, () s-F, @

[

The definition of the divergence may be directly extended to vector
fields defined in three dimensions, F(z,y, z) = Fii + Faj + F3k:

_OR  0B OB
T Oz Oy 0z

Exercise 1, Caleulate the divergence of the vector fields F(x, y) and
G(z,y, z) (click on the green letters for the solutions).

V. F(z,y,z)

(a) F=xi+yj, (b) F=y%+zyj,
(c) F =32% — 6zyj, (d) G =22%i+ 225 —yk,

. 4 ) -
(e) G = —%i + sin(y)7 + 3k, (f) G =e%i+In(zy)] +e*¥*k.
H e
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2. Divergence (Div)
1If F(z,y) is a vector field, then its divergence is written as
div F(z,y) = V - F(r) which in two dimensions is:

d.. 8., = . .
VF(.’C,y) = (az+ '8_y-?)‘(f1($:y)?'+F2($}y)J)v

JF, O0F,
L

It is obtained by taking the scalar product of the vector operator V
applied to the vector field F(z,y). The divergence of a vector field is
a scalar field.

Example 2 The divergence of F(z,y) = 3221 + 2yj is:

oF | 9F

V J F(Jf“y) = —'dT {{)g
d A J
= —3T" = 2 = (‘.‘ o ‘_) h
f’).:_r{% )+ Uy( v) e
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3. Curl

The curl of a vector field, F(z, y, z), in three dimensions may be writ-
ten curl F(z,y,2) = V x F(a,y,2), i.e:

_ O 0K, OF; OFR . . 0F, OF .,
VXF(l,y,Z)—(a—y—'a_Zz_(am 0z J+(33’ 8.‘1)
i gk
_ |9 9 9
| gz Oy 0z
¥ Iy B

It is obtained by taking the veclor product of the vector operator V
applied to the vector field F(z,y, z) . The second line is again a formal
shorthand. The curl of a vector field is a vector field,

N.B. ¥V x F' is sometimes called the rotation of F' and writlen rot F'.



Section 3: Curl 9

Example 3 The curl of F(z,y, z) = 3z% + 225 — ak is:
bbb
6

VxF = E -é;' '5;
322 22 -—=u
_O(==)  0(22)

= 9y 0z
a(2z)  9(32?)
Cow "oy
(0—2)i—(-1—-0)j+(0—0)k

= —2%+].

(-2) _ 0(3a?)

. 0
)i dz Oz

)i

)

(Quiz Which of the following is the curl of F(x,y,z) = xi +yj + zk?
(a) 28 —2j+2k, (b) zi+yj+z2k, (¢) 0, (d)i+j+k.
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4. Final Quiz

Begin Quiz Choose the solutions from the options given.

1. Select the divergence of G(z,y,z) = 22%i — 3zyj + 3a2zk?
(a) 922 — 3z, (b) 622 + 3z, (c) 0, (d) 322 — 3z,
2. Select the divergence of »/r3, where r = |r| and 7 = zi +yj + zk.
=4 —2 3
(ﬂ,) ?—3 y (})) 0, ((') ]_3— ’ ((l) ]—3 .
3. Choose the curl of F(wz,y,2) = 2% + xyzj — zk at the point
(2,1,-2).
(a) 242k, (b)—-2i—-2j5, (c)di—4j+2k, (d)—-2i—2k.
4. Select the irrotational vector field (i.e., whose curl is zero)
(a) yzi — 2zzj + ayzk, (b} yzi + z2j + zzk,
(c) 2 — 225 + yzk, (d) vy +(z —2)j —yk.

| Correct |

End Quiz [S_cp_rg_:_ -
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Exercise 2. Caleulate the curl of the following vector fields F(z,y, 2)
(click on the green letters for the solutions).

() FP==2i-yj+ 2k, (b) F =y* +ayj — 2k,

ri+yj + zk

e} F= (d) F =22 +225 —yk.

Here is a review exercize before the final quiz.

Exercise 3. Let f be a scalar field and F(z,y,2) and G(z,y, z) be
vector fields. What, if anything, is wrong with each of the following
expressions (click on the green letters for the solutions)?

(3.-) er = ""3 - 1&/\
¢} ¥R =N .F;

(b) V- F=i-2x%j -2k,

Solutions to Exercises 12

Solutions to Exercises
Exercise 1(a) The vector field F' = xi + yj has components
f*11 =T, Fs = v,

and its divergence is

V- -F(z,y) = —+—

Click on the green square to return
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Exercise 1(b) If the vector field is F = y%i + 2yj . its components
are
Fi=#", Fy=uzy,
and its divergence is
OF,  OF,

V: F(z -
(@) dx dy

d 4 0
= P4 =gy =0+z=1.
9z’ i dy v Ta=

Click on the green square to return

|
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Exercise 1(d)
The vector field G = 2% + 225 — yk has components
Gi=2", Gz = 2z, Gs=—y
and its divergence is
G,  0Gy  8G3
V-G = —- :
du J Ay 0z
8 & @ d
= —r‘4+—(22)+ —(-y)=224+04+0=2zx.
az FE}‘g,r{' }Jrc")z( ) mE t
Click on the green square to return
51
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Exercise 1(c) If the vector field is F' = 3% — 6zyj , its components
are
Fy = 322, Fo = —6zy,

and its divergence is

(")Fl (‘)FZ
V- -F(z,y) = = o
= i)—3;'1:2 + s (—6ry) = 6 — 6 =0.

dx dy
N.B. A vector field with vanishing divergence is called a solenoidal
vector field.

Click on the green square to return
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Exercise 1(e)

y. . .
Consider the vector field G = —zz + sin{y)g + 3k . Its components are
T

a1 = 4—1‘{ ; Ga = sin(y), G3=3
I*

and its divergence is
aG 4 dGy  0Gs
oz dy Jz

I's £ ( ‘)
B d (1_2) =+ i sin(y) + : 4
T Jy

g =

ax ) Dz

s

g _. s
= dyx (,)—:r_‘2 + cos(y) = 4y x (=2)a~ 2! + cos(y)
x

5 81
= —8yx %+ cos(y) = —t—é + cos(y) .

Click on the green square to return
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Exercise 1(f) Consider the vector field G = e"i + In(xy)j + "k .
Its components are

Gy =e%, Gy = In(zy), G3 = e™¥*
and its divergence is

oG,  0Gy  0dG;

V-G =
dx dy 0z
() d a
[ ety J'l,'z
()1 e Ay In(zy) + (‘)z

«

)+ In(y)) + e"¥* x 8(—) (zyz)

l
= e + E + xye™V*

Click on the green square to return

&
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Exercise 2(b)
The components of the vector field F' — % + xyj — 2k are
Fi=28, Fy =y, F3=—2
and its curl is:
OF; OJF, JdFy  OF) ar; OF;
Vel = (=2 -—2 ol % .t
Ay 0z -1 O 9z 7 e dz dy ° e
B o ) N ) B O
B dy Oz O dz
L (Pe) _ 00
Oz dy
= 0i-0j+(y— 3’k =(y - 3y°)k,
i.e., the curl vector is in the k direction.
Click on the green square to return
[l
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Exercise 2(a)
The components of the vector field F = xi — yj + 2k are

Fi = », Fy=—y, Fa=32

and its curl is:

= ([)f"-:, ()1[“2 JdF: 3 ()}1 ()}‘9 - 0_)!‘_
e 8 0 dy dz ~& dx 0z i+ dx dy k
d(z) _ 9(-v) Az) _O),.  Oy) d&)

e ey Ll )k

dy 0z
= 0k—-0j+0k=0.

dx az )3+ dx Ay

Therefore the vector field F = zi — yj + zk is an iirolational vector
field.

Click on the green square to return
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xi+yj + 2k

F3 == wherer = /22 + y2 + 22.

The 2 coniponent of V x F | is:
oF; 9F, 0 2z, 0 i 0 | 9.1

el I = Sy I s
dy 0z dy r) c‘)z(-r') ()J(?) J()}(r)

Exercise 2(c) The components of the vector field F' =

& !
are I -—i‘, Fy = J

~

1
The derivative of — with respect to y is
#

o | - 7, 1 B _i) 2y .
dyr Iy @ +y?+22)F 2 (@4t
7 | z - .
and similarly ; (—) = e Thus the ¢ component of the curl is
{= J’,) = (ﬁ!/_u = 0. It may be checked that the j and k components
(5

of the curl also vanish.
Click on the green square to return
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Exercise 2(d)
The components of the vector field F = 2%i + 225 — yk are

Fy =22, Fy =2z, F3=—y
and its curl is:
O F: AF, OF: AF AF: OF
UxF = (22-Zh- (08 0y, (O Ofy,
dy 0z 0a 0z dx Ay

A—y) 0(2z) A—y) B d(x?)

= g, g il
22:)  0(?), .

(=1 —2)i— (0—0)j + (0 — 0)k = —3i.

Click on the green square to return
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Exercise 3(b)
The equation _
V-F=i-2%j—zk
must be incorrect, because the divergence of a vector field must be a
scalar by definition but the right hand side of the equation is a vector.

Click on the green square to return
l
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Exercise 3(a)
The formula
Vfi=a’-4y
must be incorrect because the gradient of a scalar function is a vector
field by definition, while the expression on the right hand side of this
equation is a scalar.
Click on the green square to return
]
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Exercise 3(c)
The equation
VG=V:F
must be incorrect because its left hand side is a vector field, a curl,
while its right hand side is a scalar function, a divergence.
Click on the green square to return
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Solutions to Quizzes

Solution to Quiz:
If the scalar field is f(x,y, z) = xy?® — yz, its gradient is

a . . @ 2
Vi = j(;ry‘z —ya)i+ r—(ff’yz —yz)j
di dy
9]
+(,;—z(:vy2 —yz)k
9 0O . 8 . o d :
= TR =l EX 7l )= K =1
X (@it |a (.)y(y ) {)y(”) J
0
—-y) X —(2)k
+(0) % 5-(2)
= Y+ (2zy—2)j —yk.
End Quiz
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Solution to Quiz:
The vector product of two vectors
a=(I,23) and b= (3, 2,1
is
i J k i g ik
mh = a ag az |=]1 2 3
bl b;; b3 3 =2 1

= @x1=3x(-2))i—(1%x1=3x%x3)j

+(1x (~2) - 2 x 3)k

= (246)i—(1-9)7+(-2-6)k
= 8i—(—8)j —8k =8i+8j — 8k.

End Quiz

Solutions to Quizzes

Solution to Quiz:
The scalar product of the two vectors

a=(1,43) and b=(3,-2,1)
is
a-b = ab +asbs+ azbs
= 1%x3+2x%x(=-2)+3x1
3—443
2

Solutions to Quizzes

Solution to Quiz:
The vector field -
F(.'r.,-y) = l—'t + ('2;{? = 3y)J
Yy

26

End Quiz

28

T , ) , . . .
has components Fi(z,y) = — and Fy = 2z — 3y, so its divergence is
Y

BFL an
V-F(:r:,y) = f)—[+ By

i a

= —(=)+—2z-3
dxy = c‘)y( g )
1

= —-—-3.
Y

N.I3. The divergence of a vector is a scalar.

End Quiz
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Solution to Quiz:
The components of the vector field F'(x,y, 2) = wi + yj + 2k are

Fi=z, FR=y, F=2
and its curl is:
ks drs .

OF;  OF, OF;  OF

R = (O—y-_ 0z }z—((,)m 0z )-7"}‘(0&, _W)k
L O(z) o), ,9(2) _O(z), . ay) O),,
= ( dy 0z -1 dx 0z )i+ du dy "

= 0i—0j+0k=0.

N.B. A vector field with vanishing curl is called an irrotational vector
field. End Quiz
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